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Abstract 

We apply Baxter algebras to the study of the umbral calculus. We give a 
characterization of the umbral calculus in terms of Baxter algebra. This charac- 
terization leads to a natural generalization of the umbral calculus that include 
the classical umbral calculus in a family of A-umbral calculi parameterized by A 
in the base ring. 

1 Introduction 

Baxter algebra and the umbral calculus are two areas in mathematics that have inter- 
ested Rota throughout his life time and in which he has made prominent contributions. 
We will show in this paper that these two areas are intimately related. 

The umbral calculus is the study and application of sequences of polynomials of 
binomial type and other related sequences. More precisely, a sequence {p n {x) | n G N} 
of polynomials in C[x] is called a sequence of binomial type if 

n 

p n (x + y) = y^Pfc(x)p ra _ fc (y),Vy eC,neN. 

k=0 

Such sequences have fascinated mathematicians since the 19th century and include 
many of the most well-known sequences, such as the ones named after Abel, Bernoulli, 
Euler, Hermite and Mittag-LefHer. Even though polynomials of binomial type proved 
to be useful in several areas of mathematics, the foundation of umbral calculus was 
not firmly established for over a century since its first introduction. This situation 
changed completely in 1964 when G.-C. Rota |RoT] indicated that the theory can be 
rigorously formulated in terms of the algebra of functionals denned on the polynomials, 
later known as the umbral algebra. Rota's pioneer work was completed in the next 
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decade by Rota and his collaborators |RKOt IRRj IRomj . Since then, there have been 
a number of generalizations of the umbral calculus | Rom| ICh| ILol IMet IVe] . 

During the same period of time in which Rota embarked on laying down the foun- 
dation of the umbral calculus, he also started the algebraic study of Baxter algebra 
which was first introduced by Baxter in connection with fluctuation theory in probabil- 
ity |Baj . Fundamental to the study of Baxter algebra are the important works of Rota 
|Ro2j and Cartier |Caj that gave constructions of free Baxter algebras. By using a 
generalization of shuffle product in topology and geometry, the present author and W. 
Keigher gave another construction of free Baxter algebras [ G-K1[ fG-K2j . This con- 
struction is applied to the further study of free Baxter algebras |Gul[ IGu2| | AGKO . 

Our first purpose in this paper is to give a characterization of umbral calculus 
in terms of free Baxter algebras. We show that the umbral algebra is the free Baxter 
algebra of weight zero on the empty set. We also characterize the polynomial sequences 
studied in the umbral calculus in terms of operations in free Baxter algebras. 

The second purpose of this paper is to use the free Baxter algebra formulation of 
the umbral calculus we have obtained to give a generalization of the umbral calculus, 
the A-umbral calculus, for each constant A in the base ring C. The umbral calculus of 
Rota is the special case when A = 0. 

For simplicity, we only consider sequences of binomial type in this paper. The 
study of other sequences in the umbral calculus, such as Sheffer sequences and cross 
sequences, can be similarly generalized to our setting. We hope to explore possible roles 
played by Baxter algebras in other generalizations of the umbral calculus. We also plan 
to give a formulation of the umbral calculus in terms of coalgebras with operators by 
combining the approach in this paper and the coalgebra approach in (RR[ INSj . These 
projects will be carried out in subsequent papers. 

The layout of this paper is as follows. In section |21 we review the umbral calculus 
and give a characterization of umbral calculus in terms of Baxter algebra. In sectional 
we define sequences of A-binomial type and formulate the basic theory of the A-umbral 
calculus that generalizes the classic theory of Rota. In section^ under the assumption 
that C is a Q-algebra, we give an explicit construction of sequences of A-binomial type. 
We also study the relation between the A-binomial sequences and the classic binomial 
sequences. 



2 The umbral calculus and umbral algebra 
2.1 Background on the umbral calculus 

We first recall some background on the umbral calculus. See |RKO[ IRomj for more 
details. 

Let N be the set of non-negative integers. Let C[x] be the C-algebra of polynomials 
with coefficients in C. The main objects to study in the classical umbral calculus 
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are special sequences of polynomials called sequences of binomial type and Sheffer 
sequences. 

Definition 2.1 1. A sequence {p n {x) \ n G N} of polynomials in C[x] is called a 
sequence of binomial type if 

n 

p n (x + y) = ^2p n -k(x)p k (y),Vy eC,neN. 

k=0 

2. Given a sequence of binomial type {p n (x)}> o sequence {s n (x) \ n G N} of poly- 
nomials in C[x] is called a Sheffer sequence relative to {p n (x)} if 



s n (x + y) = ^2pn-k(x)s k (y),Wy G C,n G N. 



fc=0 

In order to describe these sequences, Rota and his collaborators studied the dual of 
the C-module C[x] and endowed the dual with a C-algebra structure, called the umbral 
algebra. It can be defined as follows. Let {t n \ n G N} be a sequence of symbols. Let J 
be the C-module Y\ n&L Ct n , wnere the addition and scalar multiplication are defined 
componentwise. Define a multiplication on 5" by assigning 

t m t n = Wn, m, n G N. (1) 

This makes 7 into a C-algebra, with t being the identity. The C-algebra 5", together 
with the basis {£„} is called the umbral algebra. When C is a Q-algebra, it follows 
from Eq that 

t n = \ n G N 

and so J = C[[ti]] as a C-algebra. But we want to emphasize the special basis {t n }. 

One then identifies £F with the dual C-module of C[x] by taking {t n } to be the dual 
basis of {x n }. In other words, t k is defined by 

t k : C[x] -> C, x n i-> 4,n, fc, G N. 

Rota and his collaborators removed the mystery of sequences of binomial type and 
Sheffer sequences by showing that they have a simple characterization in terms of the 
umbral algebra. 

Let f n , n > be a pseudo-basis of 3\ This means that {f n , n > 0} is linearly 
independent and generates J as a topology C-module where the topology on is 
defined by the filtration 



^ ^ c n t n \ c n — 0, n < k 



. fc=i 
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A pseudo-basis f n , n > is called a divided power pseudo-basis if 



fmfn = ( ) fm+n, TTl, 71 >0. 



m 



Much of the foundation for the umbral calculus can be summarized in the following 
theorem. 



Theorem 2.2 [RR] Let C be a Q-algeb 



ra. 

1. A polynomial sequence {p n (x)} is of binomial type if and only if it is the dual 
basis of a divided power pseudo-basis of 3 r . 

2. Any divided power pseudo-basis of C[[t}} is of the form f n (x) = for some 

oo 

f e C[[t}} with deg/ = 1 (i.e., f(t) = Y,c k t k , ci ^ 0). 

k=l 

Sheffer sequences can be similarly described. 
2.2 Baxter algebras 

We will give a characterization of the umbral calculus in terms of Baxter algebras. For 
this purpose we recall some definitions and basic properties on Baxter algebras. For 
further details, see |G- Klj. 

Definition 2.3 Let A be a C-algebra and let X be in C . 

1. A C -linear operator P : A — ► A is called a Baxter operator of weight A if 

P{x)P{y) = P{xP{y)) + P{yP{x)) + XP{xy), x, y 6 A. 

2. The pair (A,P), where A is a C-algebra and P is a Baxter operator on A of 
weight X, is called a Baxter C-algebra of weight A. 

We often suppress A from the notations when there is no danger of confusion. 

Definition 2.4 Let A be a C-algebra. A free Baxter algebra on A of weight X is a 
weight X Baxter algebra (Fa, Pa) together with a C-algebra morphism ja '■ A — > Fa 
such that, for any weight X Baxter algebra (R,P) and any C-algebra morphism f : 
A — > R, there is a unique weight X Baxter algebra morphism f : (Fa, Pa) —* (R, P) 
with f oj A = f. 



Free Baxter algebras were constructed in |G-Klj . generalizing the work of Cartier 



)& and Rota Ro2j. In the special case when A = C, we have 
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Theorem 2.5 |G-Klj Let U\C be the direct product Y]_ nel ^Cu n of the rank one free 
C -modules Cu n , tiGM. 

1. With the product defined by 

u m u„ = ^2 ( m+ ™ J ylj A fc u m+n _ fc , m, neN, 

U\C becomes a C-algebra. 

2. The operator 

P c : U X C -> U X C, u n i-> u n+1 , neN 

is a Baxter operator or weight A on the C-algebra U\C. Further, the pair 
(U\C, Pc) is the free complete Baxter algebra on C. 

Proposition 2.6 Fix A G C . Let {v n } n be a pseudo-basis of U\C. the following 
statements are equivalent. 

1. 

El m+n—k \ I n\ . u 
I n 1 I k I A v m+n - k , m, neN. 

2. The operator 

P v : U X C -> U\C, v n i > Vn+i, nGN 

zs a Baxter operator or weight A on the C-algebra U\C. Further, the pair 
(U\C, P v ) is the free complete Baxter algebra on C . 

Proof: The proposition follows immediately from the definition. ■ 

Definition 2.7 Let {v n } n be a pseudo-basis ofU\C. If any of the equivalent conditions 
in Proposition \2. 61 is true, we call {v n } n a A-divided power pseudo-basis ofU\C. 

We can now give a characterization of the umbral algebra and polynomial sequences 
of binomial type. 

Theorem 2.8 1. The umbral algebra is the free Baxter algebra of weight zero on 
C. 

2. Let {p n {x)}n&n be a sequence of polynomials in C[x\. Then {p n {x)} n is of bino- 
mial type if and only if it is the dual basis of a divided pseudo-basis of U\C. 
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3 The A-umbral calculus 



We now develop the theory of the A-umbral calculus. We construct the A-umbral 
algebra and establish the relation between the A-umbral calculus and A-umbral algebra. 
In the special case when A = 0, we have the theory started by Rota on the umbral 
calculus. 



3.1 Definitions 



In view of Theorem 12. 8[ we will study the following generalization of the umbral cal- 
culus. In order to get interesting examples, we will work with C[[se]] instead of C[x}. 

Definition 3.1 A sequence {p n (x) | n 6 N} of power series in C[[x]] is a sequence of 
A-binomial type if 

p n (x + y ) = J2\ k J2 (f) Pn+ k -i(x)Pi(y),Vy eC,neN. 

k=0 8=0 ^ ' ^ ' 

When A = 0, we recover the sequences of binomial type. We also note the following 
symmetric property. 

Lemma 3.2 A sequence {p n {x) n G N} of power series in C[[a;]] is a sequence of 
X-binomial type if and only if 

Pn (x + y) = xk ( " ) ( I ) Pi( x )Pp+k-i(y)yy e C, n e N. 
Proof: We have 

it a " it (i) (i) Pn +k -i{x)pi{y) =itiL xk (f) (i) pn+k-^^y) 

k=o i=o ^ 1 ' ^ ' 8=0 k=o W V / 

= Z)Z) A * (") ( l \ Pn+k-i{x)pi{y) 
i=0 k=0 ^ l ' ^ ' 

8=0 j=n—i \ / \ / 

(use substitution j = n + k — i, k = j — n + i) 

- EE^(;)y»(')«w 

j=o i=o \ / \ J / 

Eix- + '(;) C_: +i ) R (^.fe) 



j=Q 8=0 



This proves the lemma 



(using substitution £ = j — n + i, i = n + £ — j) 

itiL xe (f) Pi(*)z>n+M(!/) 

j=0 £=0 \ / \ / 

2 ( ■) (0 Pi(»K+«-i(2/)- 

«_n n— n \ / \ / 



Definition 3.3 Fix a A G C. I7ie algebra U\C = JT Cit n; together with the X-divided 
power pseudo-basis {u n } n , is called the A-umbral algebra. 

Fix a pseudo-basis q = {q n (x)} of C[[x]] of A-binomial type (see $I]for the existence 
of of such sequences). Let C<q> be the submodule of C[[x}] generated by the pseudo- 
basis q. As in the case of A = 0, we identify U\C with the dual C-module of C<q> 
by taking {u n } to be the dual basis of {q n (x)}. Thus each element of U\C can be 
regarded as a functional on C<q>. We denote < | >a for the resulting pairing 

U x C®C<q> ->C. 

It is characterized by 

< u n | q k > x = S k>n V n, k 6 N. (2) 
Lemma 3.4 The paring < \ >\ is pseudo-perfect in the sense that 

1. for a fixed u G U\C , if < u \ f(x) >\ = 0, V/(x) G C<q>, then u = 0, and 

2. for a fixed f(x) G C<q>, if <u \ f(x) > A =0, \/u G U\C, then f(x) = 0. 

Proof: It follows from Eq.(j2J) and the fact that {u n } and {q k } are pseudo-bases. ■ 
3.2 Basic properties 

The following elementary properties can be proved in the same way as in the classical 
case. 

Proposition 3.5 Let {p n (x)} C C<q> be a sequence of X-binomial type. Let {v n } C 
U\C be the dual basis of {p n (x)}. 
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1. (The Expansion Theorem) For any u G U\C , 

oo 

U = J2 <U \ Pri{x) > V n . 
n=0 

2. (The Polynomial Expansion Theorem) For any p(x) G C<q>, we have 

oo 

p(x) = < V n | p(x) > p n {x). 

n=0 

Note that U\C acts on itself on the right, making U\C a right L/C-module. This 
L/C-module structure, through the pairing < | > A , makes C<q> into a left L/C- 
module. More precisely, for u G U\C and / G C<q>, the element uf G C<q> is 
characterized by 

<v\uf > x =< vu I / >a, V v G E7 A C. (3) 
Proposition 3.6 With the notation above, we have 

k 



u k q n (x) = [J^j q n -k+i(x),V k, n G N. 



Proof: For each m G N, we have 



< u m | u k s n >x = < u m u k | s n > x 

m+k~i \ I m 



E vt / m+k— i\ f m\ x 



i=0 
m 



£ At ( m tT) (?) > m =► ( ? ) = °) 



i=0 

CO 



\ n-k+i I \ i I 



n—k+i 



Jm,n—k+i 



i=0 

(the definition of <5 m>n _k+i =^ m = n — k + i) 



s 



n—k+i I \ i I \ k 



E v (;) (*) < Um i > A ( f : , . H n ' k+t ) = (:)( k )) 

k / \ / \ 

< u m | s n -k+i >x (i > =>►(")= 0) 



5 A 'fc)C) 
§*(:)(:) 



"^n— fe+i ^A • 



i=0 

Now the proposition follows from Lemma 13.41 ■ 

Proposition 3.7 Let q = {q n (x)} be the fixed sequence of X-binomial type. For 
u, v e U\C , we have 



< uv | q n (x) > A = EE A(! (i J <U I 9, 



+k-»(aO >a < ^ I qi{x) >x ■ 



k=0 i=Q 

Proof: By Proposition 13.51 we have 



E< M I Qn( x ) >A M ^ 

and 



oo 

It 

n=0 



E < v I ?n(a?) >A tin- 



m— j \ / k 
k \ i 



m—i 



oo 

D = 

n=0 

Then we have 

oo oo 
m=0 k=0 

OO OO k y 

= ^^<m q k {x) > x <v \ q m - k {x) >\ E A M 

m=0 fc=0 i=0 ^ 

(Proposition 12. 6|) 

oo oo m / \ / \ 

m=0 fc=0 j=m—k ' ' 

(replacing i by m — j) 

oo oo m / \ / \ 

= EE E <u \ qk ^ >x < v I >a A m ~ j r j f m * . J Uj 

m=0 j=0 k=m~j ^ ' ^ 3 ' 

(exchanging the second and the third sum) 



oo / oo m / \ / \ 

= E E E <u i > a < * i > a A?n ~ J (i j uj 

j=0 \m=j k=m—j ' 

(exchanging the first and the second sum). 
Since ^ J = for m > k + j and = for A; > j, we have 

E E < M I >a < f I q m ~k{x) >x \ m ~ j r J ( J\ ) 

m=j k=m—j 

jr X m - j ( k _ \ < u | q k (x) > A < v | g m _ fc (x) > A 



m=j k=m—j 
j t+j 



EE A * ([) (<) < M 1 qk ^ >x<v \ >a 



t=0 fc=t 

(replacing m by t + j) 

i i 



E E A * ( fc ) ( J < M I 9fc(^) >A < ^ I Qt+j-k{x) >x 
t=o k=o V / V / 

(ife < t => r ) = and k > j =>• r ) = 0). 



Thus 



E ( EE A * (0 (0 < M I >A < v I >a ) u r 



j=0 \i=0 fc=0 

Applying this to g n (x) and using Eq. (J2J), we have 



< | g n (x) > A = E E A * (l) ( 



< u | g fc (x) > A < v | g n+t _fc(a:) >a 



Exchanging u and u in the equation, we have 
< uv | q n (x) > x = < vu | g n (x) > A 



t=0 k=0 

This proves the proposition. 



EE A *(I) (t) <w i gfc ( x ) >a < u i ^+*- fc ( x ) >a 

t=o k=o V / V / 

EE A \I) (t) <W l <ln+t-k{x) > X < V | qfc(z) >A • 
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Proposition 3.8 Let {p n (x)} C C<q> be a sequence of X-binomial type and let u and 
v be in XJ\C. Then 

< UV | p n (x) > X = ^2^2^ <U \ Pn+i-j{x) >\ < V | Pj{x) > A . 

i=0 j=0 ^ ' 

Proof: We follow the case when A = |RR| . Let C[[x, y\] be the C-module of 
power series in the variables x and y. Since C[[cc, ?/]] = C[[x}} ®c C[[y}} and q n (x) is a 
pseudo-basis of C[[x]], elements of the form qi(x)qj(y), i, j G N form a pseudo-basis of 
C[[x, ?/]]. Thus any element p(x,y) of C[[x,y]] can be expressed uniquely in the form 



Pfay) = ^Cijq^qjiy), G C. 



h3 

For u G U\C, define 



UxP(x,y) = ^Cjj< u | > A qj(y) 

and 

u y p(x,y) = ^2cijq t (x)< u | g,(y) > A . 
Then by Proposition 13.71 and the fact that q n (x) is a A-binomial sequence, we have 

< uv | q n (x) > x = ^2 E ^ ( n ) ( \ ) < w I &H-i~i( x ) >a < ^ I <?i(^) >a 

= u x v y q n (x + y). 

Since g n (x) is a basis of C<q>, by the C-linearity of the maps < uv \ > A , u x and f y , 
we have 

< uv | p(x) > x = u x v y p(x + y) 
for any p{x) G C<q>. Since p n (:r) is of A-binomial type, we obtain 



< uv | p n {x) > x = u x v y p n {x + y) 

ex> (j) (()pn + i-^)pM 



U X Vy 



j=0 j=o 



EE X \ n ) (i) <u l Pn-H-ifc) >a < v | pj-(a;) > A 
i=o j=o 
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Let c G C. Define the shift operator E c on C<q> by 

(E c f)(x) = f(x + c). 
An operator L on C<q> is called shift invariant if 

E C L = LE C , VcGC. 



Proposition 3.9 TTie elements in U\C , regarded as operators on C<q>, are shift 
invariant. 

Proof: We only need to check that Uk are shift invariant when applied to q n {x). Then 
since q n (x) is a basis of C<q>, Uk is shift invariant on C<q>. Since Uk is a pseudo-basis 
of U\C, we see further that every element in U\C is shift invariant on C<q>, as is 
needed. 

Fix k, n > 0. We have 

E c u k q n (x) = ^2 X ° (j^j Q Qn-k+s(n + c) 



Also 



s=0 \ / \ / £ =0 

n A; n 



- eeea' +< (;)(:)("-: + *)C) 9 ~-'- (c) 

i=0 s=0 £=0 \ / \ / \ / \ / 

- EE A " (t) E (!) (T) W 



=0 «)=0 v 7 s=0 

(letting w = £ + s). 



u k E c q n (x) = u k q n {x + c) 

n n 



e=o i=o 



rt+£— i \ I k 
k 



qn+e-i-k+sqi{ c ) 



- e^e I ; E*' 

£=0 i=0 V 7 V 7 s=0 

- EEE^'(l)(:)(T)(:)*>™*w 
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- eeV (;) e (tr) (;;:.) (!) 

i=0 «)=0 v 7 s=0 v 7 v / \ / 

(letting w = £ + s) 

- ee a- (;) e (jj (*r) (:;) 

i=0 ui=0 v 7 s=0 \ / \ / \ / 

(replacing s by k; — s) . 
Thus we only need to prove 




for n, k,i,w > 0. With the help of the Zeilberger algorithm [PWZ , we can verify that 
both sides of the equation satisfy the same recursive relation 

((k + i — w) * (k — n + i — w — 1) 

+ (k 2 — k*n + k*i — 3 * k * w — n*i + 2*n*w + i 2 — 3 * i* w 
+2*w 2 -4*k + 2*n-4:*i + 5*w + 3)*W 
-(to + 2) * (k - n + i - w - 2) * W 2 )F(n, k, i,w) = 

for n,k,i > 0. Here W is the shift operator WF(n, k, i, w) = F(n,k,i,w + 1). we 
can also easily verify Eq.(jSJ directly for w = 0,1. Therefore Eq. (JHJ) is verified. This 
completes the proof of Proposition 13.91 ■ 

3.3 Sequences of A-binomial type and Baxter bases 

Now we are ready to state our main theorem in the theory of the A-umbral calculus. 

Theorem 3.10 Let {p n {x)}neN be a basis of C<q>. The following statements are 
equivalent. 

1. The sequence {p n (x)} is a sequence of X-binomial type. 

2. The sequence {p n ( x )} is the dual basis of a X-divided power pseudo-basis ofU\C. 

3. For all u and v in U\C , 

< UV | p n (x) > X = ^ ^ (jj < " ' Pn+i-j( x ) >X < V | Pj(x) > X ■ 

Remark 3.1 As in the case when X = 0, the third statement in the theorem has the 
following interpretation in terms of coalgebra. 
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3 7 The C -linear map q n (x) h- ► p n (%), n £ N, defines an automorphism of the C- 
coalgebra C<q>. Here the coproduct 

A : C<q> -> C<q> <g> C<q> 

is defined by first assigning 

A(g n (x)) = J2J2 y (0 ft»+i-i(a:) ® <Zi(z), neN 
i=o i=o VJ/ W 

and i/ien extend A to C<q> fry C -linearity. 



Proof: (1 =>- 3) has been proved in Proposition 13.81 

(3 =>- 2): Let v n be the dual basis of p n (x) in U\C. Then we have 



< v m v n | p fc (x) > A = y^y^^ Q (j) < Wm ' P*+<-i( x ) >a < | Pi (ar) >a 

k k / - 



i=o i=o 

A' 



m,fc+i— i"nj 



^ \"0 ( v ^ m,A:+i ~ n = for ^ ^ 



m) 



i=0 
A' 



A 



m+n—k,i 



i=0 

vm+n— A; ( \ I m 



m I \ m+n—k 



On the other hand, 



J m+n—i,k 



1=0 
m 



x>'( m r) (:)< 



m+u — k.i 



i=0 
^m+n— fc 



A 

m I \ m+n—k 
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So by Lemma EPl 



V'niV'n 



m 

m+n—i 



J m"n / /l l I l . I u m+n—i 

i=0 

and t> n is a A-divided power pseudo-basis of U\C. 

(2 =>> 1) Let p n (x) be the dual basis of a A-divided pseudo-basis v n of ?7aC. Let y 

be a variable and consider the C-algebra C\ = f C[[t/]]. Regarding p n (x) as elements in 
Ci[[x]], the sequence p n (x) is still of A-binomial type. Also, let 

u x d = n c 1Un 

neN 

be the Ci-algebra obtained from U\C by scalar extension. Then v n is also a A-divided 
power pseudo-basis of U\C\. Further, the C-linear perfect pairing (J2J extends to a 
Ci-linear perfect pairing between C\ < q > and U\C\. Under this pairing, {p n (x)} is 
still the dual basis of {v n }. Note that all previous results applies when C is replaced 
by C\ since we did not put any restrictions on C. With this in mind, we have 

oo 

Pn{x + y) = 2j < u k I Pn{x + y) >\ Pk{%) (Lemma E3J) 

fc=0 

oo 

= < Wfc | E y p n (x) >\ Pk( x ) (definition of E y ) 

k=0 

oo 

= J2 < u ^ I >A Pk{x) (Eq.©) 

fc=0 

oo 

= < | Pn(^) >a Pk{x) fProposition l3.9|) 

k=0 

oo 

= < EV I M ^™(x) >a (Eq. ED 

fc=0 

= < EV I E Xi ( J ( J >a Pkfa) (Proposition EH) 

fc=o i=o V / VV 

= Yl E Xi ( I ) ( J Pn-k+i{y)Pk{x) (definition of £ y ) 

fc=0 i=0 V / W 

= E E A * (l) (') ft*-fc+i(y)p*(a;) (fc > n =► Q = 0, <> fc =► Q = 0) 

E E A \ I ) ( i ) Pk( x )Pn+i-k(y) (exchanging the sums). 

i=0 fc=0 v 
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4 A-binomial sequences in C[[x\] 



In this section we study A-binomial sequences in C<q> when C is a Q-algebra C. We 
show that U\C is isomorphic to C[[t}} regardless of A. We further show that the pairing 
in the A-umbral calculus and the pairing in the classical umbral calculus (when A = 0) 
are compatible. The situation is quite different when C is not a Q-algebra and will be 
studied in a subsequent paper. 

4.1 The A-umbral algebra and A-divided powers 

We first describe the A-umbral algebra U\C. 

Definition 4.1 An power series f(t) G C[[t}] is call delta if deg / = I, that is, 
/(*) = J2T=i a k tk wi th a 1 ^ 0. 

Proposition 4.2 1. Let f(t) be a delta series. Then 

S /(0(/(0-A)-(/W-A( B -i)) n > „ 

n\ 

form a X-divided power pseudo-basis for C[[t]]. 
2. The map 

CUt]] U X C, r.(t) = t(< ' A) "- ( ^ A( "' 1)) ~ t n , n > 
identifies C[[t}} with the X-umbral algebra U\C. 

Proof: 1. Since f(t) is delta, we have degr n (J) = n. So r n (f(t)) form a pseudo-basis 
for C[[t]]. Thus we only need to show that the pseudo-basis is a A-divided power series. 
For this we prove by induction onmeN that, for any n e N, 

m 

r m (f(t))r n (f(t)) = ( m+ y) Q \ k r m+n - k (f(t)). (6) 

The equation clearly holds for m — 0. Assume that equation (jUJ) holds for an m G N 
and all n G N. Then for any n G N, we have 

m+l 



E ,„ + ( +1) AtTm+n+i _ i(/(()) 

z- — n V / 

m+l y -> 

e m ::r (i) av -~ 

; — n \ / 



k=0 

m+l 
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+ E {~) t) 

fc=0 

m / \ 

+e m r (™;> i+l — 

= £ ( m+ "-') ("■) A'r^-,(/(t))( /(t) ~ (m + "~* )A : 

^— ~ ' \ m / \ k / 777 +1 

fe=0 

fc=0 



= e r + -') (-) Aw t (/w)( /(f) ' ( "' + r fc)A - 

/ — ' \ m J \ k J m + 1 m+1 

k=0 

= r m (/(t))r w (/(t))( /( 2~7 A ) 

m + 1 

= r m+1 (f(t))r n (f(t)). 
This completes the induction. 

2. The statement is clear since {T A)n (t)}„ is a weight A A-divided power pseudo-basis. 



We next construct a sequence of A-binomial type. For a given A G C, we use 

e A (a;) = to denote the series y — — — . When A = 0, we have e\(x) = x. 

A kl 

k=l 

Proposition 4.3 Let C be a ^-algebra. {e 1 \{x)} n is a X-binomial pseudo-basis for 
C[[x]\. 

Proof: We prove by induction the equation 

e l(x + c)^A^(j ( l k )el +k -\x)e\(c),yceC 1 neN. (7) 

fc=0 i=0 ^ ' ^ ' 

Clearly Eq. ((7|) holds for n = 0. It is also easy to verify the equation 

e A (x + c) = e\(x) + e A (c) + Ae A (x)e A (c) 
which is Eq. (JZ|) when n = 1. Using this and the induction hypothesis, we get 



e f(, + e) = e(. + c)^A^(j ([ 



n+k— i( \ i 



x)e\(c) 
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' n / \ / . \ r 

fc=0 i=0 v * ' ^ ' - 

n n / \ / \ n n+1 



E^E 

fe=0 i=0 

x>*e (:)(;) ^ +i+fe -xx)ei( C ) LOf?) e " i+k ^ x ^ c 

i — n i— n V / V / i — n i— 1 \ / \ / 



fc=0 i=0 x 7 v ' k=0 i=l 

n+1 k+1 



+ e*e 

k=l 8=1 

EfflV 



i=0 



n 
i-1 



, , e A ' e A lc) 



er 1 - i (^)el(c) 



er 1+fc - i (x)e A (c) 



^E^x) (?) e2 A n+2 ^(^)4(c) 



i=0 

n+1 y \ n ra+1 y- v y 

E (?) ^(xjcKc) + E A "E (? ) (; ) ^r^weuc) 

i=0 ^ ' fe=l i=0 ^ 7 ^ 



n+1 

2n+2-i/ \ ! 



+^" +1 E (?)(„;, 

i=o v 7 v 

n+1 n+1 , \ / \ 

E Afe E(?)(i) e r 1+fe - i (^)ei(c). 



fc=0 i=0 

Thus Eq. ((7|) is proved. ■ 

Thus we can use the A-binomial pseudo-basis q = {e A (x)} of C[[x]] and the A- 

divided power pseudo-basis r n (t) = — — j — , n > 0, of C[[t]] to define 

the pairing 

< | > A : U X C x C<q> -> C 

as is described in Eq.©. 

Definition 4.4 Let f(t) e C[[£]] 6e a delta series. The dual basis of {T n (/(£))}n in 
C<q> is called the associated sequence for /(£). 

We show that every A-binomial sequence is associated to a delta power series, as in 
the case when A = 0. 

Theorem 4.5 Let C be a Q-algebra. Let {s n (x)} n be a basis of C<q>. Then {s n (x)} 
is a sequence of X-binomial type if and only if {s n (x)} is the associated sequence of a 
delta series /(£) in C[[t]]. 
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Proof: If {s n (x)} is the associated sequence of a delta series /(£), then by Theo- 
rem EUni and Proposition 14.21 {s n (x)} is a A-binomial sequence. 

Conversely, let {s n (x)} be a A-binomial sequence and let {f n (t)} be the dual basis 
of {s n (x)} in C[[t]]. It follows from Theorem IH.10I that {/ n (t)} is a A-divided power 
series. We only need to show 

1. fi(t) is a delta series, and 

2. /«(*)= T„(/i)(*),Vn>0. 

We first prove (2) by induction. Since {f n (t)} is a A-divided power basis, we have 

m 

umt) = £ ( m+n ~ fe ) (;) A fe w,(t). 

fc=o m 

Taking m = n = 0, we have /o(t)/o(t) = /o(0- Thus / (i) = 1. Assuming / n (i) = 
r„(/i)(t), from f n (t)fi(t) = f n +i(t) +n\f n (t) we have 

/n + i(t) = /n(*)(/i(*) - "A) = r ri (/ 1 )(t)(/ 1 (t) - nA) = r n+1 (A)(t). 

This proves (2). Then (1) follows since if fi(t) is not a delta series, then {T n (f)(t}} 
cannot be a pseudo-basis of C [[£]]. ■ 



4.2 Compatibility of A-calculus 

We now show that, for any given A G C, the A-umbral calculus is compatible with the 
classical umbral calculus (when A = 0). The compatibility is in the following sense. 
Since {x n } and q = {q n } are pseudo-basis of C[[x]], the pairings 



and 

extend to pairings 
and 



< | > : C[t] <g> C[x] -> C 

< | > A : ® C<q> -> C 
[ | ] : C[t] ® C[[^]] - C 
[ | ] x :C[t]®C[[x]]^C. 



Definition 4.6 VFe say that < | >o <™<j? < | >a ar e compatible if 
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Theorem 4.7 The pairings 

< | > : C[t] C[[x]] -> C 

and 

< | > A : C[t] ® C[[x]] -> C 

are compatible. 

This theorem has the following immediate consequence. 

Corollary 4.8 Let C be a Q^- algebra. A pseudo-basis {p n (x)} ofC[[x}} is of \-binomial 
type if and only if it is the dual basis of a X-divided power pseudo-basis of C[[t\] under 
the pairing < | > . 

Proof of Theorem 14.71 Since {r\ jn (t)} n is a basis of C[t] and {e x (x)}k is a pseudo- 
basis of C[[x]], we only need to prove 

[T X , n (t) | e k x (x)] = 5 n:k , n,k>0. (8) 

We will prove this equation by induction on n. When n = 0, r A „(t) = 1. Since 
dege\(x) = 1, we have [T\ t0 (t) | e^(x)] = 5o,fe- Assume that Eq. (JHJ) holds for an n > 
and all k > 0. Then we have 

[r\,n+i(t) I e}(o;)]o 

/ t | _L IL | _L 

1 A 

By |Rom| Theorem 2.2.5], we have 

[trxAt) I e ^)]o = [r A ,n(*) I 4-e*(x)] . 



Since 



we have 



dx 



^(x) = A;e^ 1 (x)e A1, = Xke\{x) + fce^x), 



[r A ,„+i(t) | e$(x)] 
= — ^r[T\,n(<) I A/ce^x) + fce£ _1 (a;)]o - r^ft 

| X Ti I X 
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Xk k nX 

-o n ,k H — -o n ,k-i ~T° n , k 

1 n + 1 n + 1 



n + 

X(k — n) k 

= — : O n k H —O n k-\ 

n + 1 n + 1 

= <Wl,fc- 

This completes the induction. ■ 

Acknowledgement: The author thanks William Keigher for helpful discussions. 
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